An exact dynamic stiffness formulation is proposed for calculating the natural frequencies of shells of revolution based on the firstorder Reissner-Mindlin theory. Equations of motion are reduced to be one-dimensional, should the circumferential wave number is specified, and then are rewritten in Hamilton form. Therefore, a shell of revolution with a moderate thickness is analysed as a special skeletal structure with five degrees of freedom at element ends. Dynamic stiffnesses are constructed directly from the one-dimensional governing vibration equations using classic skeletal theory. Number of natural frequencies below a specific value is counted by applying the Wittrick-Williams (W-W) algorithm, and exact eigenvalues can be simply obtained using bisection method. A solution to the number of clamped-end frequencies J 0 in the W-W algorithm is also proposed and proven to be reliable. Numerical examples on a variety of shells with different boundary conditions are investigated, and results are well compared and validated. Influences of a variety of shell parameters on natural frequencies of both cylindrical and spherical shells are discussed in detail, demonstrating that the proposed dynamic stiffness formulation is applicable to analyse natural frequencies of moderately thick shells of revolution with high accuracy.
Introduction
Among all the structure types, shells of revolution have been widely used in tubes, containment vessels, aircraft fuselages, etc. Their natural frequencies are important parameters when performing further dynamic structural analysis. Therefore, exact free vibration analysis of shells of revolution is of considerable scientific and engineering significance.
As the simplest shell of revolution, circular cylindrical shells are the most widely employed in engineering applications as they are easy to manufacture. Since Love [1] established the basis of thin elastic shell theory, loads of effort have been devoted to the free vibration analysis of circular cylindrical shells over decades [2, 3] . Besides circular cylindrical shells, other types of shells like conical, spherical, elliptical, parabolic, and hyperbolic shells are also frequently used in civil, mechanical, aeronautical, and marine engineering. The earliest study on free vibration of elliptical shells can be traced back to Lamb [4] in 19 th century. Following researchers [5, 6] investigated the vibration behaviour of both prolate and oblate spheroidal shells. Lin and Lee [7] and Hoppmann et al. [8] studied the free vibration of paraboloidal shells. Carter et al. [9] presented a finite element approach to calculate the natural frequencies of hyperbolic shells of revolution. Li et al. [10] solved the natural frequencies of conical shells with Hamilton's principle and Rayleigh-Ritz method. In recent decades, general solutions to free vibration of shells of revolution were provided; e.g., Luah and Fan [11] analysed the free vibration of shells of revolution by introducing the spline finite element method; Tan [12] predicted the natural frequencies of general shells of revolution using a substructuring approach. However, all the studies above are based on thin shell theories. For shells with moderate thickness, the employment of Reissner-Mindlin assumptions with the consideration of transverse shear deformation and rotary inertia is necessary. There are some researches conducted with moderately thick shell theories. Naghdi and Cooper [13] analysed the free 2 Mathematical Problems in Engineering vibration of circular cylindrical shells including shear deformation and rotary inertia using an elastic wave propagation approach. Mirsky and Herrmann [14] investigated nonaxially symmetric vibration motions of moderately thick circular cylindrical shells. Relevant research was collected by Leissa in his monograph [15] .
Recently, Hosseini-Hashemi and Fadaee [16] obtained the closed-form solutions to the free vibration of moderately thick spherical shell panels using new auxiliary and potential functions in conjunction with the separation method of variables. Su et al. [17] analysed the free vibration of moderately thick functionally graded open shells with general boundary conditions using the Rayleigh-Ritz method and Fourier series. Tornabene and Viola [18] conducted free vibration examination on parabolic shells with Generalized Differential Quadrature (GDQ) method based on the first-order shear deformation theory. For even thicker shells, Kang and Leissa [19] employed three-dimensional theory to analyse the free vibration of thick hyperbolic shells with Ritz method. AlKhatib and Buchanan [20] investigated the free vibration of a parabolic shell of revolution using the three-dimensional finite element method.
Unlike thin shells, free vibration of moderately thick shells of revolution with general meridian shapes and arbitrary boundary conditions is not that extensively investigated due to its complexity in governing equations. In this paper, a dynamic stiffness approach for the free vibration of moderately thick shells of revolution is formulated in conjunction with the Wittrick-Williams (W-W) algorithm [21, 22] . It treats structures as continuous systems with infinite degrees of freedom and dynamic stiffnesses are calculated directly from vibration governing equations. Natural frequencies are solved computationally by employing the W-W algorithm together with the bisection method. Since the governing partial differential equations (PDE) are degraded analytically into ordinary differential equations (ODE) when calculating the dynamic stiffnesses, the proposed formulation is more accurate over traditional finite element approaches where the differential equations are discretized into linear algebraic equations.
The dynamic stiffness method and the W-W algorithm have been used in free vibration analysis of skeletal structures such as nonuniform Timoshenko beams [23] , three-layered sandwich beams [24] and functionally graded beams [25] . However, limited attention is paid to the plates and shells from the computational community. Pagani et al. [26] analysed the free vibration of thin-walled structures with exact dynamic stiffness elements. El-Kaabazi and Kennedy [27] applied the dynamic stiffness method and the W-W algorithm to calculate the frequencies and modes of thin circular cylindrical shells with variable thickness.
The present authors proposed the idea of dynamic stiffness method in investigating the free vibration of shells of revolution [28] , which was summarised in [29] based on the classic thin shell theory. Meanwhile, endeavours on predicting the free vibration characteristics of moderately thick circular cylindrical shells [30] and elliptical shells [31] were made. A further comparison study [32] on the dynamic stiffness approach between thin and moderately thick circular cylindrical shells was conducted, showing that frequencies from moderately thick circular cylindrical shells can be used as alternatives to those from thin shells with no observation of shear locking when the thickness to radius ratio is small.
In this paper, a concise but complete formulation for free vibration of moderately thick shells of revolution with general shaped meridians and arbitrary boundary conditions is presented. Since the number of circumferential half-waves is an integer, the original vibration partial differential equations are degraded into series of ordinary differential equations, and hence W-W algorithm is employed. A solution of J 0 in the W-W algorithm is provided. Numerical results on natural frequencies of moderately thick circular cylindrical shells, elliptical shells, and parabolic and hyperbolic shells are given, showing that the proposed dynamic stiffness formulation is applicable and accurate.
Equations of Motion
Consider a homogeneous, isotropic, and circumferentially closed shell of revolution with moderate thickness (see Figure 1 ). Referring to Figure 1 , u, v, and w are the translational displacements along the meridian, circumferential, and radial directions on the middle surface at point P. is the angle between the normal at point P and z-axis, and is the angle along the circumferential direction. r and R are the radii of the parallel circle and meridian curvature, respectively. Young's modulus is E, Poisson's ratio is ], density is , and the thickness is h.
Based on the Reissner-Mindlin hypothesis, vibration of a moderately thick shell is represented by the middle surface displacement vector { , V, , , } T , where and are the angular displacements of the middle surface along and directions, respectively. The strain-displacement relationship of a shell of revolution is given in
where the strain vector { } = { , , , , , , , } T , and the displacement vector {Δ} = { , V, , , } T . The differential matrix [L] can be referred to in [15] .
Similarly, the force-strain relationship is 
where
[
In (5), = 2 /12, G is the shear modulus, and = /2(1+]). Referring to Figure 2 , dA denotes the area of an infinitesimal portion in the middle surface of a moderately thick shell of revolution, and dA=rRd d . The total strain energy U for free vibration of a moderately thick shell can be obtained by integrating the middle surface S as
and the corresponding total kinetic energy is
Hamilton's principle suggests the total strain energy and kinetic energy satisfy
where time interval (t 1 , t 2 ) is arbitrary. Displacement functions u, v, w, , and can be assumed as
where n is the circumferential wave number and is a circular frequency. Equation (9) is widely accepted and suitable for general vibration analysis of moderately thick shells of revolution. The Symplectic components (generalized displacements and forces) can be obtained through displacement substitution and integration manipulation. Similar to [29] , when integrating along the meridian of a shell with a positive Gaussian curvature, generalized displacements and forces obtained from (8) are given by where ( ) denotes the differentiation with respect to . The free vibration governing equations can be obtained in the Hamilton form as
where 
Dynamic Stiffness
Governing vibration equations in (12) is one-dimensional with respect to when circumferential wave number n is known. Consequently, generalized one-dimensional skeletal theory can be seamlessly extended to the two-dimensional moderately thick shells of revolution. Therefore, a moderately thick shell of revolution is treated as a special 'beam' with five degrees of freedom { 1 2 3 4 5 } T and five corre-
Figure 3 illustrates a possible mesh division of a moderately thick shell of revolution, which is divided into couple of shell elements along its meridian. Taking the instance of element (e), the element-end displacement vector {d} and force vector {F} are
and
where and are angle coordinates at the element ends shown in Figure 3 , respectively.
Should boundary conditions in (15) be applied to (12) in turn
({ } is a unit vector with the j-th element equals to one), the corresponding element dynamic stiffness matrix [k i ] is obtained as
Equation (12) is too complicated to be solved analytically and hence an adaptive ODE solver COLSYS is employed. Details on COLSYS can be referred to in [37, 38] . After obtaining element dynamic stiffness matrix [k i ] , global dynamic stiffness matrix K is assembled in a direct way along the meridian with regular element location vectors.
Wittrick-Williams Algorithm
The Wittrick-Williams algorithm is a counting algorithm which gives the number of frequencies below a trial value * as
where J is the total number of frequencies below * ; = {K} is the sign count of the global dynamic stiffness matrix K and equals to the number of negative elements on the diagonal of an upper triangular matrix obtained from K by applying standard Gaussian elimination without row exchange; J 0 is the number of clamped-end frequencies exceeded by * and can be obtained by accumulating 0 of each element over the whole meridian as
Taking advantage of the self-adaptability of COLSYS, 0 can be calculated using a substructuring method. When computing [k i ] of element (e), submesh (termed as (̂)) is defined by COLSYS as is schematically shown in Figure 4 . Applying the Wittrick-Williams algorithm again on submesh (̂),
since COLSYS is capable of controlling error tolerance due to its self-adaptability, the number of clamped-end frequencies below * on submesh (̂) has to be zero, indicating (̂) 0 = 0. Otherwise, the clamped-end modes can be enlarged infinitely, resulting in unsatisfaction of any given error tolerance.
For a submesh element (̂,̂+ 1 ), its dynamic stiffness
(̂) can be obtained by linearly combining ten solutions of (12) and (15) . The element-end displacements and force vectors for submesh are denoted as {d} (̂) and {F} (̂) , respectively, the submesh element stiffness matrix
Applying the boundary conditions in (15) in turn again, (20) is expanded as
Since
is nonsingular (otherwise * is one of a clamped-end frequency, which is conflicted with
Similarly, K (̂) can be assembled regularly from [k i ] (̂) , and 0 = {K (̂) } according to (19) . By employing the Wittrick-Williams algorithm repeatedly, an approximate upper and lower bound of each frequency can be predicted. Simple bisection method can then be employed to obtain exact natural frequencies. Based on the proposed theory, a FORTRAN code was written by the authors to determine natural frequencies of moderately thick shells of revolution with various meridian shapes and different boundary conditions.
Numerical Examples
Numerical examples on natural frequencies of moderately thick circular cylindrical shells, elliptical shells, and parabolic and hyperbolic shells are presented in this section using the proposed approach. Through comparison with results from existing literature, the exact dynamic stiffness formulation is proven to be reliable and accurate.
Circular Cylindrical Shells. For circular cylindrical shells, r is constant, = 90
∘ and = ∞, the meridian coordinate is (12) is still applicable with the form of
5.1.1. Convergence of 0 . A moderately thick circular cylindrical shell with length L = 20m, radius r = 2m, thickness h = 0.2m, Young's modulus E=200GPa, Poisson's ratio ]=0.3, and density =7800kg/m 3 is examined. The shell is divided equally along the meridian. J 0 , J K , and J in the W-W algorithm with different number of shell elements ne at n=1, * =3000 rad/s are tabulated in Table 1 . It can be observed that the solution to J 0 proposed in this paper converges to zero with the increase of ne, and the proposed submesh-based solution to J 0 presented in Section 4 is reliable.
A Simply Supported Circular Cylindrical
Shell. Khalili et al. [33] calculated natural frequencies of a thick simply supported circular cylindrical shell using a three-dimensional refined higher-order theory. The geometry of the shell is L/r=1.0 and Poisson's ratio ]=0.3. Table 2 lists the lowest three natural frequencies under different h/r and n from both the present dynamic stiffness formulation and [33] , where 0 is a frequency parameter as 0 = (1/ )√ / (1 + ]). m denotes the order under the corresponding n. Define the relative error as
where Ω current and Ω literature are the frequencies obtained from the current formulation and existing literature, respectively. The relative error between the present formulation and [33] are also tabulated in Table 2 . Sign '-' denotes the obtained value from the dynamic stiffness formulation is smaller than that from literature. Referring to Table 2 , frequencies from the present dynamic stiffness formulation agree excellently well with those in [33] when h/r=0.1, where relative errors are well less than 1.0%. For h/r=0.2, good agreement is still achieved except some individual data points whose errors are between 1.0% and 2.0%, which is still acceptable. In general, very good agreement is achieved between the present method and [33] , demonstrating the proposed dynamic stiffness formulation is exact.
Elliptical Shells.
The meridian equation of an elliptical shell in OXZ plane is given by 
where a and b are constants. Radius of meridian curvature R and radius of parallel circles r can be written with respect to as
In (28) and (29), is the only independent variable, R and r can be defined continuously and smoothly within each shell element along the meridian, guaranteeing an accurate solution to free vibration of elliptical shells should the proposed dynamic stiffness formulation is used.
Clamped-Free Spherical Shell Caps.
Should a=b in (27) , an elliptical shell becomes a standard spherical shell where R is constant and r=Rsin . Gautham and Ganesan [34] analysed the free vibration of moderately thick hemispherical shell caps with 30 ∘ and 60 ∘ cutout shown in Figure 5 . The boundary condition is clamped-free.
The present authors calculated the lowest three nondimensional frequency parameters Ω (Ω = √ / ) under different circumferential wave number n when h/a=0.2 using the proposed formulation. In this example, Poisson's ratio is 0.3. Results from both the dynamic stiffness approach and [34] are given opposite in Table 3 for comparison. It can be observed that both data agree very well and most relative errors are less than 1.0%. In general, most frequencies are close to results in existing literature at a 10 -2 magnitude. [35] studied free-free elliptical shells (see Figure 6 ) with threedimensional elastic theory and Ritz method. In this case, d=0.2a and Poisson's ratio ]=0.3. Table 4 gives the lowest three nonzero frequency parameters Ω (Ω = √ / and G is the shear modulus) of both prolate and oblate elliptical shells with n from 0 to 6 when h/a=0.1.
Free-Free Elliptical Shells. Shim and Kang
Referring to Table 4 , results from the dynamic stiffness formulation agree very well with those in [35] . This verifies that the dynamic stiffness formulation proposed in this paper is effective and accurate.
Further error analysis on frequency spectrum with different value of b/a is presented in Figure 7 . It is understood that the differences between frequencies from the present method and [35] are extremely minor regardless of circumferential wave number n. Frequency curves from the dynamic stiffness formulation and [35] are almost identical, no matter the shape of the elliptical shell is prolate or oblate.
Parabolic Shells.
For parabolic shells, the meridian equation in OXZ plane is
where a and c are nonzero constants. Similar to the elliptical shells, radius of meridian curvature R and the parallel circle r corresponding to coordinate can also be defined and can be referred to mathematical handbooks. [18] calculated natural frequencies of a clamped-free parabolic dome using the Generalized Differential Quadrature (GDQ) method. The geometry and material properties of the examined parabolic dome are a=4m, c=2.133m, height H=2m, thickness h=0.1m, density =7800kg/m 3 , Young's modulus E=2.1×10 11 N/m 2 , and Poisson's ratio ]=0.3. The lowest five natural frequencies calculated from the present dynamic stiffness formulation and [18] are tabulated in Table 5 . It is observed that frequencies obtained from the present dynamic stiffness formulation agree very well with data from [18] , showing good reliability and accuracy of the proposed formulation. ∘ is employed at the apexes so that singularity of differential matrix [L] in (1) can be avoided whilst not reducing accuracy. Table 6 lists the first natural frequencies of each n when a=c. Table 7 shows the first three frequencies of n=0 and 1 when a=2c. Frequencies are presented in the form of nondimensional parameter Ω, where Ω = √ / .
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A Clamped-Free Parabolic Dome. Tornabene and Viola
Apex-Closed
According to Tables 6 and 7 , good agreement is achieved between the present method and [20] , demonstrating that the proposed dynamic stiffness formulation is capable of analysing the free vibration of apex-closed parabolic shells of revolution.
A Hyperbolic Cooling Tower Shell.
Cooling towers are commonly found in civil engineering infrastructures, e.g., power plants. Their meridian can be approximated as a hyperbolic curve. Based on the illustration of Figure 8 , the meridian equation of a cooling tower shell in OXZ plane is given by
Accordingly, the radius of meridian curvature R and parallel circle r corresponding to coordinate are defined as
In this section, natural frequencies of a cooling tower at Didcot Power Station [36] are calculated. Actually the cooling tower is assumed to be a general shell of revolution; however, its basic shape can be approximated as a hyperboloid. Parameters of the hyperboloid are a=25.1205m, Strictly speaking, the cooling tower should be considered as a thin shell since h/a or h/b is well smaller than 1/20, which is the boundary between thin and thick shells. However, since the proposed dynamic stiffness formulation is exact, it is capable of producing accurate natural frequencies even if the shell is very thin. For comparison, results obtained from the dynamic stiffness formulation using current moderately thick shell theory, thin shell theory (previously proposed by present authors in [29] ), as well as those in [36] by Deb Nath using ring shell elements are tabulated in Table 8 .
Referring to Table 8 , conclusion can be reached that frequencies predicted both from the moderately thick and from thin dynamic stiffness formulae agree very well with data in [36] . A further comparison on the error of thick- [38] and thin- [38] shows that results obtained with moderately thick dynamic stiffness formulation enjoys a much better precision over their thin counterpart, especially when circumferential wave number n increases. This observation suggests that although the proposed dynamic stiffness formulation is based on moderately thick shell theory, the present method can be applied to predict natural frequencies of thin shells, without observation of any shear locking. As a result, the exactness of the proposed method is validated.
The actual Didcot tower is slightly different from the approximation of a hyperboloid. Figure 9 plots the frequency curves calculated both as a moderately thick hyperbolic shell with present formulation and a general shell of revolution (with slightly different meridian shape based on the actual construction drawings as is explained in [36] ) using FEM in [36] . It can be observed that results agree very well for different n and m combinations, and plots for strict hyperboloid and general shell are almost identical. This further demonstrates that the assumption of a cooling tower as a hyperboloid is acceptable, and results from the proposed dynamic stiffness formulation are highly reliable.
Further Discussions
In this section, a further study is conducted to investigate the influences of parameters (e.g., radius, thickness, material properties, etc.) on natural frequencies of cylindrical and spherical shells. parameters, a nondimensional frequency parameter Ω is defined as
Therefore, irrelevant parameters such as Young's modulus E and density to Ω can be ignored. Figure 10 shows the trends of the lowest natural frequency parameter Ω with circumferential wave number n from 0 to 4 against radius r. Referring to Figure 10 , frequencies with different n exhibit differently with the increase of radius r. When n is small, e.g., n=0 and 1, the lowest frequency increases almost linearly with the increase of r. However, this trend is not true any longer for n=2, 3, and 4, as the lowest natural frequency for a smaller r is much higher than that when r increases. Figure 11 plots the trends of Ω against thickness h. It can be observed that, for a small n (n=0 and 1), increase of thickness h has little effect on the value of Ω, and both curves are almost horizontal. However, a monotonic linear increase trend is obtained for n=2, 3, and 4. A possible conclusion can be reached that vibration modes with n=0 and 1 is not sensitive to thickness h.
Influence of Poisson's ratio ] on frequency parameter Ω is given in Figure 12 . Referring to Figure 12 , a minor effect from Poisson's ratio ] on the frequency parameter Ω is obtained when it varies.
Spherical Shells.
Here a clamped-free (C-F) spherical shell is considered ( Figure 13 ). Same as the cylindrical shell studied in the previous section, baseline geometry and material parameters for this spherical shell are defined as follows: radius a=1.0m, thickness h=0.15m (Figure 15) Engineering frequencies f (in Hz) are computed in this section and thus both Young's modulus E and density play a role in the obtained natural frequencies. Parameters a, h, , and E are investigated. Figure 14 shows the change of natural frequency f against radius a. The frequency decreases dramatically when a increases, and a converged value with different n can be expected when a is large enough. For the fh relation, it is quite similar to that in the previously examined circular cylindrical shell: when n is small (n=0 and 1), the influence is almost neglectable; when n is large (n=2, 3 and 4), f increases with the increase of h.
Density and Young's modulus E are vital to engineering frequency f. Figure 16 shows a decrease trend of f with the increase of density . This can be simply interpreted. With the increase of density , the mass matrix increases accordingly. Since the stiffness matrix is not changed, frequency decreases naturally according to the general eigenvalue definitions. Regarding f -E relation, plotting is given in Figure 17 and similar conclusion applies to the spherical shell. Furthermore, it is worth mentioning that the smallest frequency of a shell is not necessarily obtained with a smallest n, i.e., n=0. On the contrary, it is determined by the vibration mode that is the easiest to occur, which is usually n=2 in this example and other shell analysis with normal dimensions. It can also be summarised that the inherent characteristics of free vibration of moderately thick shells of revolution is revealed by the proposed dynamic stiffness formulation.
Conclusions
Free vibration behaviour and natural frequencies of shells of revolution are investigated using an exact dynamic stiffness formulation with the consideration of transverse shear deformation and rotary inertia. The W-W algorithm is employed onto the dynamic stiffnesses and natural frequencies are obtained accurately. Since the W-W algorithm is mathematically strict, no eigenvalue will be omitted. The number of clamped-end frequencies J 0 in the W-W algorithm is given, proving the proposed formulation is complete and converged. When computing dynamic stiffnesses, governing vibration PDEs are degraded into a set of ODEs analytically, and a spline ODE solver COLSYS is used to calculate the dynamic stiffness matrices numerically. Therefore, the accuracy of obtained natural frequencies can be guaranteed and the proposed method is exact. Numerical examples on natural frequencies of a variety moderately thick shells of revolution including circular cylindrical, spherical, elliptical, and parabolic and hyperbolic shells are presented. Shells with different boundary conditions such as simply supported, clamped, and free ends are modelled. Results are compared with data in existing literature, and very good agreement is achieved. In general, the exact dynamic stiffness formulation for free vibration of moderately thick shells of revolution presented in this paper is reliable and accurate. Though equations are derived from Reissner-Mindlin assumptions, the formulation well applies to very thin shells. Furthermore, it outperforms its counterpart based on thin shell theory when comparing with data in open literature, without observation of shear locking.
Further discussions on the influences of cylindrical and spherical shell parameters such as radius, thickness, Young's modulus, Poisson's ratio, and density are presented. It is found that the smallest natural frequency is determined by the vibration mode which is the easiest to occur (usually obtained with n=2 for shells with a normal dimension). The proposed dynamic stiffness formulation is proven to be a useful tool for analysing free vibration characteristics of moderately thick shells of revolution. ) .
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